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Abstract. LetAq,..., A befinite, nonempty sets of integers, andigt. . ., h; be positive integers. The linear
formhiA; + --- 4+ hy Ar is the set of all integers of the forim + - - - + by, whereb; is an integer that can be
represented as the sumpfelements of the s&; . In this paper, the structure of the linear fohaA; +- - - +h; A

is completely determined for all sufficiently large integbrs
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1. Sums of sets of integers

Let Abe a nonempty set of integers. For every positive integdre sumseh Ais the set of
all integers that can be represented as the sum of exantlynecessarily distinct elements
of A. For example,

2{1,2,4}={2,3,4,5,6, 8}
and
3{0,2,5} = {0, 2,4,5,6,7,9, 10, 12, 15}.
We defineh A = {0} for h = 0. For any setA and integersgy ands, we define

a+A={a+a.:acAl,
ag—A={agp—a:aec A},
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and
dx A={da:.ae A}

Let [x, y] denote the interval of integerssuch thaix < n <'y.

A finite set A of integers is callechormalizedif it consists of 0 and a nonempty set
of relatively prime positive integers. W is a finite set of integers withA| > 2, we can
normalizeA as follows. Letag be the least element &, and lets be the greatest common
divisor of the positive integers of the forax— a; for a € A. The normalized form oA is
the set

Nm:{31@

:aeA}
Then
A=ay+ 8+ AN
and
hA=ha + 8 «hAN, (1)

Note thatA is normalized if and only ifA = AN,

Nathanson [5, 6] completely determined the structure of the sum#stetr all nonempty,
finite setsA and all sufficiently large integets By (1), it suffices to describe the structure
of sumsets of normalized sets.

Theorem 1 (Nathanson). Let A be a normalized finite set of integeasd let & be the
greatestelementof A. There existintegers candd and set$@ c—2]and D C [0, d—2]
such thatfor h sufficiently large

hA=CU[c, ha"—d]U (ha* - D).

In this paper we generalize this result to linear forms in finite sets of integers. £ dt.
If Ag,..., Ar are nonempty sets of integers amd . . ., h, are positive integers, then the
sumset

hiAs +---+h A (2)

is the set of all integers that can be represented in the fierm- - - + by, whereb; € h; A

fori =1,...,r. The sumset (2) is calledlmear formin the setsAy, ..., A.. We shall
describe explicitly the structure of linear forms in finite sets of integers for all sufficiently
large values ohy, ..., h;.

2. The structure of linear forms

The system of setd\;, ..., A is normalized if each A; is a finite set of nonnegative
integers, ifOc A fori = 1,...,r, andif{_Ji_; A\{0} is a nonempty set of relatively prime
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positive integers. For example, the séts= {0, 6}, A, = {0, 10}, and A3 = {0, 15} are a
normalized system, sindéd\; U A, U Ag)\ {0} = {6, 10, 15}, and(6, 10, 15) = 1.

Let Ag, ..., A, be nonempty, finite sets of integers such tl#gt > 2 for alli. We shall
normalize this system of sets as follows. lagp be the smallest element ify. Leté be
the greatest common divisor of the integers in the set

.
U{ai,j —go:a,;<A}
i—1

Let
AN _ {au gai,o ‘a e Ai}-
The system of setd{", ..., AN is normalized, and
A =a,0+d* Ai(N)
foralli =1,...,r. For any positive integells,, ..., h,, we have

ShA = (ihia,o) ou Yy nAY Q
i=1 i=1 i=1

By (3), it suffices to describe the structure of sums of normalized systems of finite sets of
integers.

Let A be a set of nonnegative integers that contains 0, letAjcdenote the greatest
common divisor of the elements &f and let

a* = max(A).
We define theeflected set
A=a*"—A={a*—a:acA.

ThenA s also a set of nonnegative integers that contains 0,

max(A) = maxA) = a*,
ged(A) = ged(A),

and

A
~

A=A
For any positive integen, we have 0 h A, and

maxhA) = ha*,
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and so
. h
hA = {Z(a* —aj):a € A}
j=1
h
= ha* — {Zaj raj € A}
j=1
= ha* - hA
= hA
Lemmal. LetA,..., A; be a normalized system of finite sets of integans! let & =
max(A) fori = 1,...,r. The reflected sefs,, . . ., A, also form a normalized system. For

any integer x

i=1

if and only if
r r
D hia—xe) hA
i=1 i=1
Moreover
r r R
|:d > hiay —d/] C ) hA
i=1 i=1
if and only if
r r
[d’, > hiay — d:| S>> hA
i=1 i=1
Proof: Fori =1,...,r,let
di = gcd Aj).
If the systemA, ..., A is normalized, then
r
1=gcd (U A \{0}) = (dp,....d)
i=1
Since

gcdA) = gcd A) = d;,
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it follows that

gcd(UAi\{0}> =(dy,...,d) =1,
i=1

and so the systerAq, ..., A, is also normalized.
If

X € ZhiA; =Zfﬂ =Z(hiai*—hiAi),
i—1 i—1 i—1

then there exist integels € h;j Aj such that

X = Z(hia,-* —bi),
i—1

and so

r

Zhiai*—x:ibi € ihiAio
i=1 i=1

i=1

The proof in the opposite direction is similar.
We observe that

X € |:d/,r2hiai* —di| )
i=1

if and only if
r r
Y hia—xe |:d, > hiat - d’] :
i=1 i=1
and this suffices to prove the last part of the Lemma. O
Theorem 2. Let A, ..., A be a normalized system of finite sets of integers. feta
max(Aj) fori = 1,...,r. There exist integers ¢ and d and finite sets
Cclo,c—2]
and
DC[0,d-2]

and there exist integers;h. .., hf such thatif h; > hi foralli =1,...,r, then

r r
hiAL+ -+ he A =CU|:C,Zhiai*—dj|u<2hiai*—D>.
i=1 i=1
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Proof: Fori=1,...,r,let
A ={ao a1, .. .81}
where
ki = [Al
and

O=ao<ai<--<akg-1
Renumbering the sets;, we can assume that
a*=maxa’:i=1....,r}=a" =a -1
For any integers andm* with m* > a*, we have
[c.c+m* —1]+ Aj=[c,c+m" —1+aj] 4

forj=1,...,r.
SincelJ;_; A\{0} is a nonempty set of relatively prime positive integers, it follows that
for every integen there exist integerg] ; such that

rok—1
n=> > xja;.
i=1 j=1
For each paifi, j) # (r, k- — 1), we can choose an integer; such that
x{yj =X, (moda®)
and
O<x,;<a -1
There exist integers ; such that
X{’j =X j+1t;a".

Then

ﬂ
=
|
-

(X +tjana + Xy 18k -1

I
(N

Il
X
5
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where
r ki—1
Xk-1=Xpat), D hid
i=1 i=
(. )#Ark—1)
If
r ki—1
n=@-0y Y  aj
i—1 =
@, ))#r k=1)
then
Xr k-1 > 0.

Therefore, every sufficiently large integer is a nonnegative integer linear combination of
the elements df Ji_, Ai. Letc be the smallest integer such that every integer ¢ can be
represented in the form

r k-1

nzzzxi,j(n)&,j,

i—1 j=1

where the coefficients; j (n) are nonnegative integers. Then
r
c—1¢) hA
i=1
for all nonnegative integets,, ..., h,. Foreach =1,...,r, we define

k-1
h® =max{2xi,j(n) : n=c,c+1,...,c+a*—1].
=1
Then

r

[c,c+a*—1]C Zhi(l)Ai.

i=1

It follows that

r r
c+a'—1< max(z hi(l)Ai) =Y ha’,

i=1 i=1

and so
)
¢ hPa* — (c+a* —1) > 0.
i=1
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We shall prove that ih; > h™ foralli = 1,...,r, then the sumseX_|_, h; A contains
the interval of integers

[c, > (hi - h")a +c+a — 1] - [c, > hiay - c/} .
i=1

i=1
The proof is by induction on

r

L= _ (hi — hi(l)).

i=1

If ¢ =0, thenh; = h™ foralli = 1,...,r, and the assertion is true.

Let¢ > 1, and assume that the statement holdg ferl. Thenh; > hﬁl) + 1 for somej.
By the induction assumption, we have

U

r r

ZhiAi—l—(hj — DA C, hiai*+(hj —1)a}*—c/
i=1 i=1
i2] | i

=lc.> (h —hi(l))ai*—a]-“+c+a*—l]

Lyl

J

=

Applying (4) with

we obtain

YA =) hiA+h DA | +A
i i=1
1#]

U

B r
c. Yy (h —hi(l))ai*—a}kJchra*—l] + A

This completes the induction.
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Ifthe system of setd, ..., A; isnormalized, thenthe system of reflected sﬁqts . Ar
is also normalized. Applying the previous argument to the reflected system, we obtain
integersd, d’, h(lz), ..., h such thad is the largest integer with the property titat- 1
cannot be written as a nonnegative integral linear combination of the eleménfs oA,
and

|:d, Xr:hiai* — d/:| - rZhi Ai
i=1 i=1

if hi >h®fori =1,...,r.By Lemmal,

|:d/, ih,al* — d] - Xr:hi A
i=1 i=1

and
Yoha —d+1¢g)y hA
i=1 i=1

for all nonnegative integets,, ..., h,.
Chooseh® > maxth™, h{?} such that

[

)
¢+d <> h%
i=1

If hy > h®, then
r r
|:C, Zh.a,* —d:| - ZhiAi-
i=1 i=1
Since
r
c—1¢) hiA
i=1
and
r r
Zhiai*—d+1¢zhiAi
i=1 i=1
for all nonnegative integetts, . . ., hy, it follows that if

hi > h = max|h?, c,d},
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then there exist sets C [0, c — 2] andD C [0, d — 2] such that

Zr:hiAi =CuU |:C,Xr:hiai*—di| @] (Zr:hiq*— D).
i—1 i—1 i1

This completes the proof. O

Theorem 3. Let Ay, ..., Ar be a normalized system of finite sets of integarsd let
a* =max(A) fori =1,...,r. Let B be a finite set of nonnegative integers viits B
and b = max(B). There exist integers ¢ and d and finite sets

CcJ0, c—2]
and
DcC[0,d-2]

such that

r

r
B+hiAi+---+hA=CU [c,b*+zhifﬁ—d} U (b*+2hia1-*— D)
i=1

i=1

for all sufficiently large intergersih

Proof: This is a simple consequence of Theorem 2. O

3. The cardinality of linear forms
Theorem 3 immediately implies the following estimate for the size of a sumset of integers.

Theorem 4. Let A, ..., A, be a normalized system of finite sets of integarsl let B
be a nonemptyfinite set of nonnegative integers. There exist positive inteders a af
and nonnegative integers land A such that

)
IB+hiAr+-+h A=) ah +b +1-A
i=1

for all sufficiently large integersih

Theorem 4 shows that the cardinality of the sunBet hyA; + --- + h; A is a linear
polynomial in the variableB,, ..., h;. This is a special case of the following very general
result. LetSbe an arbitrary abelian semigroup, written additively, an®led, . .., A be
finite, nonempty subsets & We can define the sumsBt- h; A; +- - -+ h; A in Sexactly
as we defined sumsets in the semigroup of integers. Extending results of Khovanskii [1, 2]
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for the case = 1, Nathanson [7] proved that there exists a polynomial, . . ., X;) such
that

IB+hiAr+---+h A= phy,....0h)

for all sufficiently large integerk;. For an arbitrary semigrou8, it is not known how to
compute this polynomial, nor even to determine its degree.
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